We prove an analogue of Fekete's subadditivity lemma for functions of several real variables which are subadditive in each variable taken singularly. This extends both the classical case for subadditive functions of one real variable, and a result in a previous paper by the author. The arguments follows those of Chapter 6 in E. Hille's 1948 textbook.
Introduction
A real-valued function f defined on a semigroup S is subadditive if f (xy) f (x) + f (y) (1) for every x, y ∈ S. Examples of subadditive functions include the absolute value of a complex number, the ceiling of a real number, and the length of a word. Subadditivity occurs in several phenomena, such as the definition of entropy for subshifts [8] . If S is the group of either the positive integers or the positive reals, then Fekete's lemma [3] (see also [5, Theorem 6.6 .1]) ensures that:
If S = S 1 × S 2 is a direct product of two semigroups, another option can be considered: that the function be subadditive in each variable, however given the other. That is, instead of requiring f ((x 1 y 1 , x 2 y 2 )) f (x 1 , x 2 ) + f (y 1 , y 2 ), we require:
1. f (x 1 y 1 , x 2 ) f (x 1 , x 2 ) + f (y 1 , x 2 ) for every x 1 , x 2 , and y 1 ; and/or 2. f (x 1 , x 2 y 2 ) f (x 1 , x 2 ) + f (x 1 , y 2 ) for every x 1 , x 2 , and y 2 .
The two requirements, even together, are not equivalent to subadditivity as a function defined on the product semigroup S: if S is the additive semigroup of pairs of positive reals, then f (x 1 , x 2 ) = √ x 1 x 2 satisfies both conditions, but is not subadditive (see Example 3. 2)
The aim of this paper is to prove a generalization to arbitrary dimension of the following statement: Theorem 1.1. Let f be a function of two positive real variables x, y which is subadditive in each of them, however given the other. For every ε > 0 there exists R > 0 such that if both x > R and y > R, then:
f (x, y) xy < inf
f (x, y) xy + ε .
A similar statement for functions defined on d-tuples of positive integers (instead of reals) was proved in [1] . The argument presented there, however, relies on a boundedness property which comes for free in the integer setting, but must be proved in the new one. This is done by adapting the proof of [5, Theorem 6.4.1] The paper is organized as follows. Section 2 provides the theoretical background. In Section 3 we introduce componentwise subadditivity and explain how it is different from subadditivity in the product semigroup. In Section 4 we adapt the argument from [5, Theorem 6.4 .1] to prove that componentwise subadditive functions of d real variables are bounded on compact subsets of R d . In Section 5 we state, prove, and discuss the main theorem: boundedness will have a crucial role in the proof. Section 6 contains a short discussion on how the Ornstein-Weiss lemma (see [9] and [6] relates to Fekete's lemma.
Background
Throughout the paper, the sets and the functions in the hypotheses of the claims are presumed to be Borel measurable.
We denote by R, R + , and R − the sets of real numbers, positive real numbers, and negative real numbers, respectively. Similarly, we denote by Z, Z + , and Z − the sets of integers, positive integers, and negative integers, respectively. All these sets are considered as additive semigroups (groups in the case of R and Z). If m and n are integers and m n we denote the slice
If the sets X and Y where the variable x and the expression E(x) take values are irrelevant or clear from the context, we denote by x → E(x) the function that associates to each value x taken by x the corresponding expression E(x). For example, x → 1 is the constant function that always takes value 1.
A directed set is a partially ordered set U = (U, ) with the following additional property: for every u, v ∈ U , there exists w ∈ U such that u w and v w. Every totally ordered set is a directed set, and so is the family of decompositions
with the partial order x y iff for every i there exists j such that x i = y j . A function f defined on U is also called a net on U . If Y is the codomain of f , a subnet of f is a net g : V → Y on a directed set V = (V, ) together with a function φ : V → U such that:
1. f • φ = g; and 2. for every u ∈ U there exists v ∈ V such that, if z ∈ V and z v, then φ(z) u.
For example, a subsequence {x n k } k 1 of a sequence {x n } n 1 of real numbers is a subnet, with V = U = Z + and φ(k) = n k . If U = (U, ) is a directed set and f : U → R, the lower limit and the upper limit of f in U are the quantities
and
respectively. The following chain of equalities holds:
Moreover, if V = (V, ) is a directed set and g : V → R is a subnet of f , then lim inf
If lim inf u→U f (u) lim sup u→U f (u), their common value L is called the limit of f in U , and we say that f converges to L in U . This is equivalent to the following: for every ε > 0 there exists u ε ∈ U such that |f (u) − L| < ε for every u u ε . In this case, every subnet of f also converges to L.
The ordered product of a family {(X i , i )} i∈I of ordered sets is the ordered set (X, Π ) where X = i∈I X i and the product ordering Π is defined as:
The product ordering is the finest ordering that makes the projections monotone. If, in addition, each (X i , i ) is a directed set, then so is (X, Π ). For d 2 and w ∈ {0, 1} d we define the octant denoted by w as the di-
In particular, the main octant of R d , corresponding to w = 0 d , is the directed set:
Note that, if f :
S i , and let f : S → R. We say that f is subadditive in x i independently of the other variables if, however given
We say that f is componentwise subadditive if it is subadditive in each variable independently of the others.
The two notions of subadditivity tout court and componentwise subadditivity are not equivalent. Already with d = 2, if f : S 1 × S 2 → R is subadditive, then for every x 1 , y 1 ∈ S 1 and x 2 , y 2 ∈ S 2 we have:
while if f is componentwise subadditive, then for every x 1 , y 1 ∈ S 1 and x 2 , y 2 ∈ S 2 we have:
If f is nonnegative, then (9) implies (10); if f is nonpositive, then (10) implies (9) . But in general, neither ensures the other.
Then f is componentwise subadditive: for example, for every two x 1 , y 1 ∈ R + it is
However, f is not subadditive on R 2 + : if x 1 = y 2 = 1 and
is strictly larger than
The following observation is crucial for the next sections. Let w be a binary word of length d and let f :
Componentwise subadditive functions are bounded on compacts
In [1] we prove the following:
We try to reuse the argument from [1] to prove Theorem 1.1. Fix s, t > 0. Every x > 0 large enough has a unique writing x = qs + r with q positive integer and r ∈ [s, 2s), and every y > 0 large enough has a unique writing y = mt + p with m positive integer and p ∈ [t, 2t). By subadditivity,
Consider the four summands on the right-hand side of the last inequality. By construction, lim x→+∞ q/x = 1/s and lim y→+∞ m/y = 1/t: therefore, the first summand converges to f (s, t)/st for (x, y) → R 2 + . Now, by [ 
Example 4.2 ([10]
). Let h : R + → R be such that h(t) is the denominator of the representation of t as an irreducible fraction if t is rational, and 0 if t is irrational. Then f : R 2 + → R defined by f (x, y) = min(h(x), h(y)) satisfies the following conditions:
However, f is not bounded in [1, 2] × [1, 2]: if p n is the nth prime number, then lim n→∞ f (1 + 1/p n , 1 + 1/p n ) = lim n→∞ p n = +∞. On the other hand, h(1) = 1 and h(1/π) = h(1 − 1/π) = 0, so f is neither subadditive nor componentwise subadditive.
We could overcome this issue if a result of boundedness such as the one in [5, Theorem 6.4.1] held for componentwise subadditive functions. Luckily, it is so, and we can follow the same idea of Hille's proof. Given f : R d + → R and t 1 , . . . , t d ∈ R + , let:
Lemma 4.3. Let f : R d + → R be componentwise subadditive. For every t 1 , . . . , t d ∈ R + , the set
has measure at least
. By repeatedly applying subadditivity, once in each variable, we arrive at:
For example, for d = 2 we have:
For (14) to hold, at least one of the 2 d summands on the right-hand side must be no smaller than f (t 1 , . . . , t 2 )/2 d : for it to hold for every x i ∈ (0, t i ) for every i ∈ Proof. It is sufficient to prove the thesis for every compact hypercube of the form H = [a, b] d with 0 < a < b. We proceed by contradiction. First, suppose that f is unbounded from above in H. Then for every n 1 and i ∈ [1 : d] there exists x i,n ∈ [a, b] such that f (x 1,n , . . . , x d,n ) 2 d n. Let W t 1 ,...,t d be defined by (13). By construction, for every n 1 we have
and by Lemma 4.3 the left-hand side has measure at least
Now, the sets V b,...,b,n form a nonincreasing sequence, so their intersection V must also have measure at least a 2 d : in particular, it cannot be empty.
But for (x 1 , . . . , x d ) ∈ V it must be f (x 1 , . . . , x d ) n for every n 1: which is impossible. Next, suppose that f is unbounded from below in H. Then for every n 1 and i ∈ 
which is a real number because of the previous point. By applying subadditivity in each variable, for such y 1 , . . . , y d and n we obtain
because we can bound from above f (x 1,n , . . . , x d,n ) with −n and the remaining 2 d − 1 summands with M . For example, for d = 2 we have:
But for every n such that
for every n large enough every element of K can be written in the form ( We start by showing that f is bounded in every compact subset of the set
which is the union of the open octants R 000 and R 001 together with the "quadrant"
To do this, it will suffice to show that f is bounded in every set of the form
and (x, y, z + 1) are both in V . Let T and t be an upper bound and a lower bound for f in V , respectively: then for every (x, y, z) ∈ H,
By similar arguments, f is bounded in every subset of R 3 which is the union of two adjacent octants and the corresponding "quadrant". We now show that f is bounded in every compact subset of the "upper demispace"
To do so, it will suffice to show that f is bounded in every set of the form
and let S and s be an upper bound for f in W , respectively: then for every (
By similar reasoning, f is bounded in each "demispace".
To conclude the proof, we only need to show that f is bounded in K = I × I × I. Let E = U × U × U and let M and m be an upper bound and a lower bound for f in E, respectively: then for every (x, y, z) ∈ K,
Fekete's lemma for componentwise subadditive functions of d real variables
We can now state and prove the main result of this paper. 
The proof is similar to that of [1, Theorem 1], with an important change.
Proof. For every i ∈ {1, . . . , d} and x 1 , . . . , x d ∈ R + , if x i = qt + r with q ∈ Z + and r, t ∈ R + , then 
Now, on the right-hand side of (16), each occurrence of f has k arguments chosen from the t i 's and d − k chosen from the r i 's, is multiplied by the q i 's corresponding to the t i 's, and is bounded from above by the constant
which exists because of Theorem 4.4. Such boundedness is crucial for the proof, and was ensured for free in the case of positive integer variables from [1] , but had to be proved for positive real variables. By dividing both sides of (16) by x 1 · · · x d we get:
where 1 d is the binary word of length d where all the bits are 1. By construction, lim
which is possible because at least one of the q
As ε > 0 is arbitrary, it must be lim sup
this is true whatever the t i 's are, hence lim sup
The thesis then follows from
From Theorem 5.1 together with our observation in Section 3 follows:
, 1} d and let f : R w → R be a subadditive function.
1. If w contains evenly many 1s, then:
is not +∞, but can be −∞.
2. If w contains oddly many 1s, then:
is not −∞, but can be +∞.
3. If w contains evenly many 1s, w ′ differs from w in only one coordinate, and f is defined and componentwise subadditive in all of R d , then
in particular, both limits are finite.
Example 5.6. The function f : R 2 + → R defined by f (x, y) = x 2 √ y is superadditive in x and subadditive in y, and f (x, y)/xy = x/ √ y. But
f (x, y)/xy does not exist, because for every z, R > 0 there exist x, y > R such that x/ √ y = z.
As a final remark, the following statement appears in the literature as an extension to arbitrary dimension of [5, Theorem 6.1.1]:
Proposition 5.7 (cf. [7, Theorem 16.2.9] ). Let f : R d → R be subadditive in the variable x ∈ R d . Then for every x ∈ R d the following limit exists:
This, however, is not so much an extension than a corollary. If f :
for every x, y ∈ R d , then obviously g x (t) = f (tx) satisfies g x (s + t) g x (s) + g x (t) for every s, t > 0: and L x is simply the limit of g x (t)/t according to [5, Proposition 6.1 (Ornstein-Weiss lemma; cf. [9] ). Let G be an amenable group, let PF(G) be the set of the finite subsets of G, and let f : PF(G) → R be subadditive with respect to union and satisfy f (A) = f (gA) for every A ∈ PF(G) and g ∈ G. Then for every directed set U = (U, ) and every left Følner net F = {F x } x∈U in G,
exists, and does not depend on the choice of U and F.
The Ornstein-Weiss lemma says that on any amenable group a notion of asymptotic average for subadditive translation-invariant functions is well defined. A detailed proof of Proposition 6.1 is given by F. Krieger in [6] .
Although F n = [1 : n] is a Følner sequence for Z, the Ornstein-Weiss lemma is not a full extension of Fekete's lemma! Even if f : Z + → R is subadditive, the "natural" conversion
is not, in general, subadditive on PF(Z).
Example 6.2. The function f (n) = n mod 2 is subadditive on Z, because if the left-hand side of (1) is 0, then the right-hand side is either 0 or 2, and if the former is 1, then the latter is 1 too. However, (27) is not subadditive on PF(Z), because if U = {1, 2} and V = {2, 3}, then g(U ∪ V ) = 1 and g(U ) = g(V ) = 0.
